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Chapter 10 Nonlinear Equations 

§ Newton’s method 

( ) 0if X 


, 1 2{ ,  .. , }T
nX x x x


, 1 ~i n , have a solution X  . 

Expand ( )if X


 about X   into the Taylor’s series 

( ) ( ) ( ) ( )i i if X f X f X X X      
    

, 1 ~i n  

( ) ( ) ( )( )F X F X J X X X    
      
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
 

 

Since ( ) {0}F X  
 

, 1( ) ( )X X J X F X   
    

 

( 1) ( ) 1 ( ) ( )( ) ( )j j j jX X J X F X  
    

 

§ Broyden’s method (Quasi-Newton Method) 

Modify ( 1) ( ) 1 ( ) ( )( ) ( )j j j jX X J X F X  
    

 to ( 1) ( ) 1 ( )( )j j j
jX X A F X  

   
 

where 
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in which 

( ) ( ) ( 1)( ) ( ),i i iY F X F X  
    

( ) ( ) ( 1)i i iS X X  
  

 

§ The Steepest Descent Method 
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( ) 0if X 


, 1 2{ ,  .. , }T
nX x x x


, 1 ~i n , implies 

2

1

( ) ( ) 0
n
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g X f X


 
 

 

So, the solution X   will minimize 2

1

( ) ( ) 0
n

i
i

g X f X


 
 

 

( ) ( ) ( )g X dX g X g X dX  
    

  

Let ( ) / ( )dX g X g X   
  

, then ( ) ( )g X dX g X 
  

 

( 1) ( ) ( ) ( )( ) / ( )k k k kX X g X g X    
   

 

How to choose   such that ( ) ( ) ( )min ( ) min ( ( ) / ( ) )k k kh g X g X g X
 

    
  

 

It is difficult to find  .  

Try 3
1{ , ( )}i

i i ih  
 , where 1 2 3     

Then the Lagrange’s interpolation is 
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              
           

     
  

     
 

Let ( ) 0h    and find the optimal  . 

So, ( 1) ( ) ( ) ( )( ) / ( )k k k kX X g X g X    
   

. 

§ Continuation methods 

The problem ( ) 0F x 
   has the solution x .   

Modify ( ) 0F x 
   into the form  

0 ( , ) ( ) (1 )[ ( ) ( (0))] ( ) (1 ) ( (0))G x F x F x F x F x F x          
             

, 0 1   

with  

a. 0 (0, ) [ ( ) ( (0))]G x F x F x  
       or (0)x x   at 0   

b. 0 (1, ) ( )G x F x 
     or (1)x x    at 1  . 
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      
  

1[ ( ( ))] ( (0))J x F x  
   

which can be solved by the Runge-Kutta method. 

1. 1/h N , 0 0  , 0( ) (0)x x   , 0 (0)w x   

2. For 0 ~j N  

1j j h     

1 1
1 1, ,[ ( ,...., )] ( ( )) [ ( )] ( ( ))j n j j j jk h J w w F x h J w F x     
     , 

1
2 1

1
[ ( )] ( ( ))

2j jk h J w k F x   
    , 1

3 2

1
[ ( )] ( ( ))

2j jk h J w k F x   
    , 

1
4 3[ ( )] ( ( ))j jk h J w k F x   
    ,  

1 1 2 3 4 1 2 3 4

1 1
( ) ( ) ( 2 2 ) ( 2 2 )

6 6j j jx x k k k k w k k k k           
          . 

HW 10 

Using the following methods to solve the problem 

2
1 2 310 2 3 9x x x    

2 2
1 2 33 2x x x     

1 2 3 6x x x   

(a) Newton’s method, (b) Broyden’s method, (c) the steepest descent method, 

and (d) the Continuation method 4N  . 

 


